We study the existence of non-collision periodic solutions with Newtonian potentials for the following planar restricted 4-body problems: Assume that the given positive masses m 1 , m 2 , m 3 in a Lagrange configuration move in circular obits around their center of masses, the sufficiently small mass moves around some body. Using variational minimizing methods, we prove the existence of minimizers for the Lagrangian action on anti-T/2 symmetric loop spaces. Moreover, we prove the minimizers are noncollision periodic solutions with some fixed wingding numbers.
Introduction and Main Results
In this paper, we study the planar circular restricted 4-body problems with Newtonian potentials. Suppose points of positive masses m 1 , m 2 , m 3 move in a plane of their circular orbits q 1 (t), q 2 (t), q 3 (t) and the center of masses is at the origin; suppose the sufficiently small mass point does not influence the motion of m 1 , m 2 , m 3 , and moves in the plane for the given masses m 1 , m 2 , m 3 .
It is well-known that q 1 (t), q 2 (t), q 3 (t) satisfy the Newtonian equations:
where
Without loss of generality, we assume that there exists θ 1 , θ 2 , θ 3 ∈ [0, 2π) such that the planar circular orbits are q 1 (t) = r 1 e where the radius r 1 , r 2 , r 3 are positive constants depending on m i (i = 1, 2, 3) and T (see Lemma 2.6). We also assume that m 1 q 1 (t) + m 2 q 2 (t) + m 3 q 3 (t) = 0 (1. 4) and 5) where the constant l > 0 depends on m i (i = 1, 2, 3) and T (see Lemma 2.5).
The orbit q(t) ∈ R 2 for sufficiently small mass is governed by the gravitational forces of m 1 , m 2 , m 3 and therefore it satisfies the following equation
For N -body problems, there are many papers concerned with the periodic solutions by using variational methods, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [13] [14] [15] [16] 18] and the references therein. In [3] , Chenciner-Montgomery proved the existence of the remarkable figure-"8" type periodic solution for planar Newtonian 3-body problems with equal masses. Marchal [6] studied the fixed end problem for Newtonian n-body problems and proved the minimizer for the Lagrangian action has no interior collision. Especially, in [8] , Simó used computer to discover many new periodic solutions for Newtonian n-body problems. Zhang-Zhou [13] [14] [15] decomposed the Lagrangian action for n-body problems into some sum for two body problems and [14, 15] avoid collisions by comparing the lower bound for the Lagrangian action on the symmetry collision orbits and the upper bound for the Lagrangian action on test orbits in some cases.
Motivated by the above works, we use variational methods to study the circular restricted 3+1-body problem with some fixed wingding numbers and some masses.
For the readers' conveniences, we recall the definition of the winding number, which can be found in many books on the classical differential geometry.
be an given oriented continuous closed curve, and p be a point of the plane not on the curve. Then, the mapping ϕ : Γ → S 1 , given by
is defined to be the position mapping of the curve Γ relative to p, when the point on Γ goes around the curve once, its image point ϕ(x(t)) will go around S 1 a number of times, this number is called the winding number of the curve Γ relative to p, and we denote it by deg(Γ, p). If p is the origin, we write degΓ. Define
The functional corresponding to the equation (1.6) is
.
Our main results are the following:
for the values of m 1 , m 2 , m 3 given in Table 1 with M = 1, the minimizer of f (q) on the closure Λ − of Λ − is a non-collision 1-periodic solution of (1.6); for the values of m 1 , m 2 , m 3 given in Table 2 with m 1 = m 2 = m 3 = 1, the minimizer of f (q) on Λ − is a non-collision 1-periodic solution of (1.6).
Remark 1
In proving Theorem 1, we need to use test functions. We find that if the test functions are circular orbits, we can not get the desired results on Λ − . Therefore, we select elliptic orbits as test functions. Table 3 with M = 1, the minimizer of f (q) on the closure Λ + of Λ + is a non-collision 1-periodic solution of (1.6); for the values of m 1 , m 2 , m 3 given in Table 4 with m 1 = m 2 = m 3 = 1, the minimizer of f (q) on Λ + is a non-collision 1-periodic solution of (1.6).
Remark 2 When we take elliptic orbits as test functions, we find that the biggest symmetric space is the anti-T/2 symmetric loop space if the wingding number n is odd(n = ±1, ±3, · · · ); we can not find suitable symmetric space if the wingding number is even. When the wingding number n = ±1 and we take circular orbits as test functions, we find that the biggest symmetric space is
is a counter-clockwise rotation of angle 2π |n−1| in R 2 . But the Lagrangian actions on the circular test orbits are bigger than the lower bound for the Lagrangian actions on collision symmetric orbits. Hence we consider the anti-T/2 symmetric loop spaces Λ ± .
Preliminaries
In this section, we will list some basic Lemmas and inequality for proving our Theorems 1.1 and 1.2.
Lemma 2.1(Tonelli [1] , [11] ) Let X be a reflexive Banach space, S be a weakly closed subset of X, f : S → R ∪ {+∞}. If f ≡ +∞ is weakly lower semi-continuous and coercive(f (x) → +∞ as x → +∞), then f attains its infimum on S.
Lemma 2.3(Palais's Symmetry Principle( [12] )) Let σ be an orthogonal representation of a finite or compact group G, H be a real Hilbert space, f :
Set F = {x ∈ H|σ · x = x, ∀σ ∈ G}. Then the critical point of f in F is also a critical point of f in H.
Remark 2.1 By Palais's Symmetry Principle and the perturbation invariance for wingding numbers, we know that the critical point of f (q) in Λ ± is a periodic solution of Newtonian equation (1.6).
Lemma 2.4
(1)(Gordon's Theorem [17] ) Let x ∈ W 1,2 ([t 1 , t 2 ], R K ) and x(t 1 ) = x(t 2 ) = 0. Then for any a > 0, we have
Proof. It follows from (1.1) and (1.2) thaẗ
Then by (1.3)-(1.5), we obtain
which implies
that is,
Lemma 2.6 The radius r 1 , r 2 , r 3 of the planar circular orbits for the masses m 1 , m 2 , m 3 are
Proof. Choose the geometrical center of the initial configuration (q 1 (0), q 2 (0), q 3 (0)) as the origin of the coordinate (x,y). Without loss of generality, by (1.5), we suppose the location coordinates of
). Then we can get the coordinate of the center of masses m 1 , m 2 , m 3 is C(
). To make sure the Assumption (1.4) holds, we introduce the new coordinate
Hence in the new coordinate (X,Y), the location coordinates of
) and the center of masses m 1 , m 2 , m 3 is at the origin O(0, 0). Then compared with (1.3), we have
6)
(2.10)
Proof of Theorems
In order to get Theorems, we need two steps to complete the proof.
Step 1: We will establish the existence of variational minimizers of f (q) in (1.8) onΛ ± .
Lemma 3.1 f (q) in (1.8) attains its infimum onΛ ± .
Proof. By using Lemma 2.2, for ∀q ∈ Λ ± , we can get that the equivalent norm of (1.7) inΛ ± is
Hence by the definition of f (q), f is coercive onΛ ± . Next, we claim that f is weakly lower semicontinuous onΛ ± . In fact, for ∀q k ∈ Λ ± , if q k ⇀ q weakly, by compact embedding theorem, we have the uniformly convergence:
It is well-known that the norm and its square are weakly lower semi-continuous. Therefore, combined with (3.3), we obtain lim inf
that is, f is weakly lower semi-continuous onΛ ± . By Lemma 2.1, we can get that f (q) in (1.8) attains its infimum onΛ ± .
Step 2: We will prove the variational minimizers in Lemma 3.1 is the noncollision T-period solution of (1.6).
For any collision generalized solution q, we can estimate the lower bound for the value of Lagrangian action functional.
Lemma 3.2 For ∂Λ
If q ∈Λ − is a collision generalized solution, then there exists
So, by (1) of Lemma 2.4, we get
For noncollision pair q, q i (i = i 
For the other term of f , using the expression for the orbits q 1 , q 2 , q 3 as in (1.3), Lemma 2.5 and Lemma 2.6, we obtain
Therefore, it follows from (3.9) -(3.11) that 12) where
Similarly, if q ∈Λ + is a collision generalized solution, we have
Proof of Theorem 1.1 In order to get Theorem 1.1, we are going to find a test loopq ∈ Λ − such that f (q) ≤ d 2 . Then the minimizer of f onΛ − must be a noncollision solution if
Let a > 0, b > 0, θ ∈ [0, 2π) and
It is easy to see thatq ∈ Λ − and
Therefore by (3.17)-(3.23), we get
In order to estimate d 2 , we have computed the numerical values of d 2 = f (q) over some selected test loops. The computation of the integral that appears in (3.24) has been done using the function {quad} of Mathematica 7.1 with an error less than 10 −6 . Let T = 1, the results of the numerical explorations are given in Table 1 with M = 1 and Table 2 with m 1 = m 2 = m 3 = 1. 1.00 1.00 1.00 11.523843 11.344747 0.61 0.23 π 1.00 1.00 1.00 11.523843 11.516685 0.63 0.19 π 1.00 1.00 1.00 11.523843 11.489791 0.63 0.21 π 1.00 1.00 1.00 11.523843 11.436105 0.65 0.17 π 1.00 1.00 1.00 11.523843 11.461786 0.65 0.19 π 1.00 1.00 1.00 11.523843 11.392115 0.65 0.21 π 1.00 1.00 1.00 11.523843 11.349366 0.67 0.15 π 1.00 1.00 1.00 11.523843 11.472422 0.67 0.17 π 1.00 1.00 1.00 11.523843 11.383978 0.67 0.19 π 1.00 1.00 1.00 11.523843 11.324970 0.67 0.21 π 1.00 1.00 1.00 11.523843 11.291915 0.69 0.13 π 1.00 1.00 1.00 11.523843 11.522980 0.69 0.15 π 1.00 1.00 1.00 11.523843 11.412094 0.69 0.17 π 1.00 1.00 1.00 11.523843 11.334189 0.69 0.19 π 1.00 1.00 1.00 11.523843 11.284714 For the parameters a, b, θ given in Table 1 and Table 2, 
